The propagation of non-linear electromagnetic waves is carefully analyzed on a curved spacetime created by static spherically symmetric mass and charge distribution. We compute how the nonlinear electrodynamics affects the geodesic deviation and the redshift of photons propagating near this massive charged object and, in the linear approximation, the effects of electromagnetic selfinteraction can be disparted from the usual Reissner-Nordström terms. In the particular case of Euler-Heisenberg effective Lagrangian, we find that these self-interaction effects might be important near charged white dwarfs.
I. INTRODUCTION
Generalizations of Maxwell electrodynamics have been proposed since it was established and they are motivated by several reasons such as experimental constraints on the photon mass [1] [2] [3] , classical aspects of vacuum polarization [4, 5] , electrodynamics in the context of superstrings [6] [7] [8] [9] , etc.. Among the several generalizations there is a group known as Nonlinear Electrodynamics (NLED). It is characterized by presenting nonlinear field equations. Examples of NLED are Born-Infeld theory [10] [11] [12] and Euler-Heisenberg [4] electrodynamics. The former was proposed to limit the maximum value of the electric field of a point charge and the last arises as an effective action of one-loop QED [13] .
Since the decade of 1980, several applications of NLED minimally coupled to gravitation were proposed [14] [15] [16] including applications to cosmology [17] [18] [19] [20] [21] [22] [23] and spherically symmetric solutions of charged Black Holes (BH) [24] [25] [26] [27] [28] [29] [30] . Moreover generalizations of Reissner-Nordström solution with NLED were studied where stability and thermodynamics properties of the BH were analyzed [31] [32] [33] [34] . In particular, the geodesic motion of test particles around Born-Infeld BH was studied in [35] and references therein. However, in most of the papers found in the lit-erature the direct influence of the background electric field on radiation propagation is ignored.
In the early 1970's it was realized that the selfinteraction of NLED modifies the dispersion relation of a photon propagating in a region with a background electric field [36] . From the geometric point of view, this modification can be mapped to an effective metric in the flat spacetime [37] [38] [39] . This effective metric can then be promptly generalized to a curved-spacetime metric through the minimal coupling prescription. As a consequence, there are two simultaneous effects on the radiation propagation: first, the path of the light ray may be altered due to the self-interaction of the electric field via the effective metric; second, the photon dynamics is affected by the spacetime curvature. In particular, some preliminary results concerning photon propagation in non-linear interaction with a background electric field and in the presence of a BH were obtained in the context of Euler-Heisenberg and Born-Infeld electrodynamics [40, 41] . In this work, the authors intend to generalize these results for a generic NLED and particularly show that, despite the fact that the background electric field does not generate effective horizons (horizons that would be sensed only by radiation), this field directly influences the geometric redshift and geodesic deviation. This paper is organized as follows. In Sect. 2, the spherically symmetric solution for a generic NLED is determined. In Sect. 3, the minimal coupling prescription is used to generalize the effective metric in flat spacetime to a curved one. In this section, it is also shown that the effective metric does not produce any new horizon. In Sect. 4, the influence of the background electric field in geometric redshift and geodesic deviation is analyzed.
Final remarks are presented in Sect. 5.
II. GENERAL SOLUTION FOR NLED
The matter Lagrangian for a general NLED invariant under parity is
where
µν F µν . The quantity F µν is the electromagnetic field tensor and F µν is its dual:
is the totally antisymmetric tensor constructed from the LeviCivita symbol ε µνρσ and the determinant g of the metric tensor g µν .
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The energy-momentum tensor is given by
with
The static spherically symmetric metric tensor is
where ν (r) and λ (r) are functions determined by the gravitational field equations. In order to preserve the spacetime symmetry, one supposes the matter content to be constituted by an electric charge that is static and spherically symmetric. Hence, only the components F 01 = −F 10 = −E (r) of the field strength F µν are nonnull. Consequently G = 0. In this case, the asymptotically flat exterior Schwarzchild-de Sitter-NLED solution of Einstein equations is
We consider c = G N = 1. The constant m is the geometric mass, Λ is the cosmological constant and
The field equations for F µν are
This implies
where q is the total electric charge.
The vectors E and B are the electric and magnetic fields respectively.
Note that an explicit solution can be obtained when an specific L(F, G 2 ) is chosen. For instance, for Maxwell Electrodynamics L F = 1 and
which is the well known Reissner-Nordström solution.
III. EFFECTIVE METRIC
In NLED the electromagnetic field is self-interacting and this is directly reflected on photon propagation. In particular, when radiation propagates in a slowly varying electromagnetic field as a background, the self-interaction between the radiation and the background field can be described by an effective metricη µν [36] [37] [38] . In flat spacetime one has
The signal ± in Eq. (9) indicates birefringence [42] , i.e. the possible dependence of the photon propagation on its polarization which is a typical phenomenon of NLED. When the minimal coupling prescription (η µν → g µν ) is considered, the effective metric in the curved spacetime is found to beḡ
where g µν is the spacetime metric given in Eq. (2). This way, photons (i.e. weak radiation propagating fields that do not disturb the spacetime) will follow geodesics described by the following effective line element
This line element contains both spacetime (gravitational) effects -via the factor e ν -and the influence of the background field -through the function 1 + λ ± E 2 . The angular part of the line element is dΩ 2 = dθ 2 + sin 2 θdφ 2 , as usual. It is also worth mentioning that the NLED under consideration influences the photon trajectory both gravitationally -through S (r) -and electromagnetically -by means of λ ± . For instance, in Maxwell electrodynamics: λ ± = 0 and S (r) is given by Eq. (7). On the other hand, in Born-Infeld theory, where
one finds λ ± = 1 b 2 −E 2 and S (r) is given by elliptic functions [41] . Note that in these two cases, no birefringence is present [43] .
The first point to be analyzed here concerns the existence of an effective event horizon. For this, an investigation of the radial null geodesics is carried on using Eq. (11). One finds:
which is exactly the same expression obtained considering propagation with the spacetime metric Eq. (2). This means that the horizons "seen" by photons are generated exclusively by gravitational effects of the spacetime. Note that this result is formally independent of the particular type of NLED under consideration, once the factors scaling with λ ± cancel out in Eq. (13) . However, we emphasize that the gravitational effects of the NLED are still present in the functional for of ν.
Although the horizons do not depend on the effective metric, the later is important in other phenomena like geometric redshift and light deflection. These two effects are analyzed in the following section.
IV. INFLUENCE OF NLED ON RADIATION PROPAGATION
In this section an investigation on how a specific NLED influences the radiation redshift and geodesic deviation will be conducted. No influence of the cosmological constant will be considered here, i.e. Λ = 0. A perturbative approach will be adopted in which nonlinear effects are small corrections to the Maxwell theory. L F, G 2 is written as
where O (3) represents higher order terms and
The condition a ± > 0 ensures that the energy density is positive definite [28] .
In the linear regime of perturbation and considering a radial electric field (F = E 2 2 e G = 0), Eq. (9) can be rewritten as
The next step is to obtain S (r). By substituting Eq. (14) into Eq. (6), one obtains:
Notice that the condition (15) implies:
Now Eq. (16) is substituted in Eq. (4) leading to
where k ≡ a + . The change of notation (a + by k) is done in order to distinguish gravitational effects of the NLED from purely electromagnetic effects, i.e. k is related to the spacetime metric and a ± to the effective metric. Finally, the components of the metric Eq. (2) in the linear approximation are rewritten as:
is the usual Reissner-Nordström term. In this approximation, the manner by which the event horizon is affected by the NLED can be studied. The horizons r ± are obtained when the condition g 00 = 0 is considered, which in the particular case gives:
The approximated solution is
, where
is the usual Reissner-Nordström horizon. Notice that r + > r +(0) e r − < r −(0) .
Hence, the effect of the nonlinearity of the NLED is to displace the external horizon outwards and the internal horizon inwards.
A. Geometric redshift
The geometric redshift of a light ray emitted radially at r 1 and detected at r 2 with r + < r 1 < r 2 , is given by
By using Eq. (17) and considering r 1 = r and r 2 → ∞, one gets:
The first three terms of the right hand side of this equation correspond to the usual Reissner-Nordström terms where the redshift is increased by the mass while the charge (Maxwell term) is responsible for decreasing it. The last two terms describe the effects of the NLED: the fourth one is a consequence of the curvature of spacetime generated by the electromagnetic non-linear terms and the fifth one is due to the effective metric of the NLED, i.e., a redshift created by photons interacting with the background electric field. Note that both terms lead to an increasing of z. It is also worth noting that the influence of the effective metric makes the redshift dependent on the polarization since in general a + = a − . If a weak field approximation is taken into account, i.e.
then Eq. (22) is simplified to
where the mass dependence is taken up to second order and the term k q r 2 2 q 2 r 2 is neglected, meaning that the curvature-born term disappears.
The magnitude of the last term in Eq. (24) depends on the coupling constant of the NLED, which is a free parameter (up to constraints coming from experimental data). For instance, for Born-Infeld Lagrangian, Eq. (12),
The exception is Euler-Heisenberg electrodynamics which is obtained as an effective theory at the low-energy regime of QED.
2 According to Refs. [13, 36] , EulerHeisenberg Lagrangian is given by
2 Energies much less than that of the electron rest energy.
where α is the fine-structure constant and m e is the electron mass. This way, erg . In order to have an idea of the magnitude of the nonlinear term in the context of Euler-Heisenberg electrodynamics, a hypothetical situation is considered: a star like the Sun (with the same radius R ⊙ and mass M ⊙ ) with an electric charge producing an extremal black hole, i. e. m = q. This is the maximal charge permitted for a static black hole if the cosmic censorship hypothesis is considered. In this case,
For this hypothetical situation, the nonlinear term (scaling with a ± ) is nine orders of magnitude smaller than the dominant term 
This might indicate an astrophysical object for which the NLED effects could be important indeed. Next, the geodesic deviation will be analyzed.
B. Geodesic deviation of radiation
The geodesic deviation of a light ray propagating from infinity to a point at a distance r from the origin of our coordinate system in a region with static spherically symmetric gravitational and electric fields is given by [44] :
where r 0 is the maximum approximation distance of the light ray from the gravitational/electric source. In the approximation of small corrections to Maxwell theoryḡ 00 andḡ 11 are given by Eqs. (17) and (18), respectively. In 4m r0 is obtained. An interesting case is obtained when only the effect due to NLED self-interaction (the interaction of the radiation with the background electric field) is considered, i.e. no gravitational effects are taken into account. Essentially, the metric considered in this calculation is the effective metric in a flat spacetime. Mathematically, this corresponds to take W (r) = 1 and k = 0 in Eq. (27) . The integration of this expression leads to a purely electric (PE) geodesic deviation:
Hypothetically, this result can be used to verify experimentally if vacuum polarization is able to produce light deviation, as predicted by Eq. (30).
V. CONCLUSION
In this paper we have constructed the solution of Einstein equations for the exterior of a spherically symmetric mass and charge distributions in the context of non-linear electrodynamics. The resulting line element is is given in Eqs. (2) , (3) and (4) . It is asymptotically de Sitter and depends on the mass m, on the cosmological constant Λ, and on the functional S(r). This object is an integral given in terms of the electrostatic field E and the Lagrangian density L(F, G 2 ) of the particular NLED to be taken into account.
First, we noticed that the radial null geodesics followed by photons in the curved effective metric can be calculated as usual, being the NLED influence encapsulated in function ν(r) via S(r). The non-linearity of the electrodynamics appears explicitly in Eq. (16) for the magnitude of the electric field, which is calculated when small perturbations of Maxwell theory are considered. This leads to a modification in the horizons of the charged BH as seen by the photons: displacing the internal and external horizons inward and outward respectively.
The redshift of spectral lines is increased by the presence of the non-linear electrodynamic terms. Moreover, z is sensible to the polarization of the radiation due to self-interaction. In order to estimate the magnitude of the effects on z coming from NLED, we decide to choose a particular non-linear theory and study it in the weakfield regime. Using the Euler-Heisenberg Lagrangian, one concludes that extremal compact charged objects (like white dwarfs) could produce redshifts for which the contribution from the ordinary (m/r) term is as important as the NLED-born term.
Finally, we calculated the geodesic deviation experienced by radiation nearby massive charged bodies. The Reissner-Nordström result is recovered along with small correction to Maxwell electrodynamics due to NLED. Birefringence clearly affects the geodesic path of light rays, increasing the deviation that would be expected from the linear theory. We also obtained an expression for the deviation when only the effect due to NLED selfinteraction is taken into account -see Eq. (30) . This could be used for comparison with observational data in order to determine if the vacuum polarization actually can bend light rays.
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